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In this paper, closed-form formulae for the Kirchhoff index and resistance distances of the
Cayley graphs over finite abelian groups are derived in terms of Laplacian eigenvalues
and eigenvectors, respectively. In particular, formulae for the Kirchhoff index of the
hexagonal torus network, the multidimensional torus and the t-dimensional cube are
given, respectively. Formulae for the Kirchhoff index and resistance distances of the
complete multipartite graph are obtained.
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1. Introduction
The concept of Cayley graphs was introduced by Arthur Cayley in 1878 to explain the concept of abstract groups which
are described by a set of generators. Let G be a group and H a subset of G such that 1 ∉ H and H−1 = H . The Cayley graph
Cay(G,H) over G with respect to H is a graph with vertex set V (Cay(G,H)) = G and edge set E(Cay(G,H)) = {(x, y) |
x, y ∈ G, yx−1 ∈ H}. H is said to be the connection set of Cay(G,H). The Cayley graphs over groups have been studied
extensively (see, for example, [2,4,5,8,16]). In particular, the fact that Cayley graphs are excellentmodels for interconnection
networks, in connection with parallel processing and distributed computation, is widely acknowledged [1,8]. Many well-
known interconnection networks are Cayley graphs, such as hypercubes, hexagonal torus networks, butterflies, and so on.
Let Γ = (V , E) be a connected graph with vertex set V = {0, 1, . . . , n − 1} and edge set E. The resistance distance
between vertices i and j of Γ was defined by Klein and Randić [10] to be the effective resistance between nodes i and j as
computedwithOhm’s lawwhen all the edges ofΓ are considered to be unit resistors. The Kirchhoff indexKf (Γ )was defined
in [10] as Kf (Γ ) = ∑i<j rij. Resistance distances are, in fact, intrinsic to the graph, with some nice purely mathematical
interpretations and other interpretations. The Kirchhoff index has been found to have several uses in chemical literature.
Themost important one is that the Kirchhoff index is a structure descriptor based on resistance distances [15]. The Kirchhoff
index of some classes of Cayley graphs are computed such as complete graphs, cycles [11] and circulants [18].
The aim of this paper is to derive closed-form formulae for the Kirchhoff index and resistance distances of the Cayley
graphs over finite abelian groups in terms of Laplacian eigenvalues and eigenvectors, respectively. As applications, we derive
formulae for the Kirchhoff index of the hexagonal torus network, the multidimensional torus and the t-dimensional cube,
respectively. We give formulae for the Kirchhoff index and resistance distances of the complete multipartite graph.
Graphs considered in this paper are connected undirected graphswithout loops andmultiple edges. Recall that the Cayley
graph Cay(G,H) is connected if and only if ⟨H⟩ = G. For a Cayley graph Cay(G,H) over an abelian group G, we assume that
−H = H and ⟨H⟩ = G throughout this paper.
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2. Preliminary
LetΓ be a graphwith vertices labelled as 0, 1, . . . , n−1. The adjacentmatrix A(Γ ) ofΓ is an n×nmatrixwith (i, j)-entry
equals to 1 if vertices i and j are adjacent and 0 otherwise. The eigenvalues of a graph Γ are the eigenvalues of A(Γ ). Let
D(Γ ) = diag[d0, d1, . . . , dn−1] be the diagonal matrix of vertex degrees. The Laplacian matrix of Γ is L(Γ ) = D(Γ )−A(Γ ).
Let λ¯0, λ¯1, . . . , λ¯n−1 be the eigenvalues of L(Γ ), called the Laplacian eigenvalues of Γ . Suppose that λ¯0 is the smallest
Laplacian eigenvalue. Then λ¯0 = 0 and λ¯k > 0 for each k > 0 [12]. The Kirchhoff index of a graph computed in terms
of Laplacian eigenvalues was given in [7,19].
Lemma 2.1 ([7,19]). Let Γ be a connected n-vertex graph, n ≥ 2. Then
Kf (Γ ) = n
n−1
k=1
1
λ¯k
.
The formula for resistance distance rij was derived in terms of Laplacian eigenvalues and eigenvector in [10]. Let
Uk = (Uk1,Uk2, . . . ,Ukn)T with k = 0, 1, . . . , n − 1 be the normalized, real-valued and mutually orthogonal Laplacian
eigenvectors of Γ such that L(Γ )Uk = λ¯kUk.
Lemma 2.2 ([10]). Let Γ be a connected n-vertex graph, n ≥ 2. Then
rij =
n−1
k=1
1
λ¯k
(Uki − Ukj)2.
The Kronecker product A ⊗ B of two matrices A and B is the matrix obtained by replacing the (i, j)-entry aij of A by aijB,
for all i and j. The Kronecker product has the following properties.
Lemma 2.3 ([9]). Let A ∈ Mm,n(F), B ∈ Mp,q(F), C ∈ Mn,k(F),D ∈ Mq,r(F) and µ ∈ F. Then
(1) (A⊗ B)T = AT ⊗ BT ;
(2) (A⊗ B)(C ⊗ D) = (AC)⊗ (BD);
(3) µ(A⊗ B) = (µA)⊗ B = A⊗ (µB).
A Cayley graph Cay(G,H) is called a circulant graph if G = Zn. The adjacent matrix and eigenvalues of a circulant
graph were given in [3]. An n × n matrix C = (cij) is said to be a circulant matrix if its entries satisfy cij = c0(j−i) for
i, j = 0, 1, . . . , n − 1, where the subscripts are reduced modulo n. LetWn be the n × n circulant matrix whose first row is
(0 1 0 · · · 0),W inthe ith power of the matrixWn and ωn the nth primitive unity root.
Lemma 2.4 ([3]). Let Cay(Zn,H) be a connected circulant graph. Then Cay(Zn,H) has adjacentmatrix
∑
k∈H W kn and eigenvalues
λr =∑k∈H ωkrn , r = 0, 1, . . . , n− 1.
The eigenvalues of the Cayley graphs over finite abelian groups were determined in [17].
Lemma 2.5 ([17]). Let G = Zn1 ⊕ · · · ⊕ Znt and H a subset of G \ {0}. Then the adjacent matrix of Cay(G,H) is
A =
−
(k1,...,kt )∈H
W k1n1 ⊗ · · · ⊗W ktnt
and the eigenvalues of Cay(G,H) are
λr1...rt =
−
(k1,...,kt )∈H
ωk1r1n1 · · ·ωkt rtnt , rj = 0, 1, . . . , nj − 1, j = 1, 2, . . . , t.
If Γ is a regular graph, then Laplacian eigenvalues of Γ are determined by its adjacent eigenvalues.
Lemma 2.6 ([6]). Let Γ be a regular graph with valency k. If the adjacent matrix A has eigenvalues λ1, . . . , λn, then L(Γ ) has
eigenvalues k− λ1, . . . , k− λn.
Recall that for any k = 0, 1, . . . , n − 1,W kn has eigenvalues ωkrn and eigenvectors ur = [1, ωrn, . . . , ω(n−1)rn ]T such that
W knur = ωkrn ur for r = 0, 1, . . . , n − 1. Now we search for normalized, real-valued and mutually orthogonal eigenvectors
U0,U1, . . . ,Un−1 ofW kn starting with u0, u1, . . . , un−1. Let
u1r =
[
1, cos
2rπ
n
, . . . , cos
2(n− 1)rπ
n
]T
,
u2r =
[
0, sin
2rπ
n
, . . . , sin
2(n− 1)rπ
n
]T
and Ur = 1√n (u
1
r + u2r ).
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Lemma 2.7 ([18]). Ur with 0 ≤ r ≤ n− 1 are normalized, real-valued and mutually orthogonal.
Lemma 2.8. Ur with 0 ≤ r ≤ n − 1 are normalized, real-valued and mutually orthogonal eigenvectors of W kn such that
W knUr = ωkrn Ur .
Proof. SinceW knur = ωknur and ur = u1r + iu2r , it follows that
W knu
1
r + iW knu2r = W kn (u1r + iu2r ) = W knur = ωkrn ur = ωkrn (u1r + iu2r ) = ωkrn u1r + iωkrn u2r .
HenceW knu
1
r = ωkrn u1r andW knu2r = ωkrn u2r . This implies that
W knUr =
1√
n
(W knu
1
r +W knu2r ) =
1√
n
(ωkrn u
1
r + ωkrn u2r ) = ωkrn Ur .
Thus Ur with 0 ≤ r ≤ n− 1 are eigenvectors ofW kn and so the result is obtained by Lemma 2.7. 
Lemma 2.9 ([18]). Let k and n be positive integers such that k < n. Then
n−1
r=0
cos
2krπ
n
= 0.
The reader is referred to [3,9] for all the notation and terminology not defined in this paper.
3. The Kirchhoff index of Cay(G,H)
In this section, we study the Kirchhoff index of the Cayley graphs over finite abelian groups.
Since Cay(G,H) is undirected, the adjacent matrix of Cay(G,H) is symmetric and the eigenvalues of Cay(G,H) are real.
However, the formula of Lemma 2.5 cannot show this directly. Now we give a new expression for the eigenvalues of
Cay(G,H). Two lemmas are needed.
Lemma 3.1. For integers a1, a2, . . . , at ,
ωa1n1 · · ·ωatnt = cos

2a1π
n1
+ · · · + 2atπ
nt

+ i sin

2a1π
n1
+ · · · + 2atπ
nt

.
Proof. It is followed directly by complex multiplication. 
Lemma 3.2. Let G = Zn1 ⊕ · · · ⊕ Znt and H be a nonempty subset of G such that −H = H. Then−
(k1,...,kt )∈H
sin

2k1r1π
n1
+ · · · + 2kt rtπ
nt

= 0, rj = 0, 1, . . . , nj − 1, j = 1, 2, . . . , t.
Proof. Let H1 = {x | x ∈ H, 2x ≠ 0} and (l1, l2, . . . , lt) ∈ H1. Then −H = H implies that −H1 = H1 and so
(−l1,−l2, . . . ,−lt) ∈ H1. Since
sin

2l1r1π
n1
+ · · · + 2lt rtπ
nt

+ sin

2(−l1)r1π
n1
+ · · · + 2(−lt)rtπ
nt

= 0,
it follows that−
(k1,...,kt )∈H1
sin

2k1r1π
n1
+ · · · + 2kt rtπ
nt

= 0. (1)
Let (l1, l2, . . . , lt) ∈ H \ H1, then 2(l1, l2, . . . , lt) = (2l1, 2l2, . . . , 2lt) = 0. This follows that nj | 2lj for j = 1, 2, . . . , t . Thus
sin

2l1r1π
n1
+ · · · + 2lt rtπ
nt

= 0
and so −
(k1,...,kt )∈H\H1
sin

2k1r1π
n1
+ · · · + 2kt rtπ
nt

= 0. (2)
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Combining (1) and (2), we have−
(k1,...,kt )∈H
sin

2k1r1π
n1
+ · · · + 2kt rtπ
nt

= 0,
as required. 
The following result gives a new expression for the eigenvalues of Cay(G,H).
Lemma 3.3. Let G = Zn1 ⊕ · · · ⊕ Znt and H be a nonempty subset of G \ {0}. Then the eigenvalues of Cay(G,H) are
λr1...rt =
−
(k1,...,kt )∈H
cos

2k1r1π
n1
+ · · · + 2kt rtπ
nt

, rj = 0, 1, . . . , nj − 1, j = 1, 2, . . . , t.
Proof. The result follows directly from Lemmas 2.5, 3.1 and 3.2. 
To determine the Kirchhoff index of Cay(G,H), we give the Laplacian eigenvalues of Cay(G,H).
Lemma 3.4. Let G = Zn1 ⊕ · · · ⊕ Znt and H be a nonempty subset of G \ {0}. Then the Laplacian eigenvalues of Cay(G,H) are
λ¯r1...rt =
−
(k1,...,kt )∈H
[
1− cos

2k1r1π
n1
+ · · · + 2kt rtπ
nt
]
, rj = 0, 1, . . . , nj − 1, j = 1, 2, . . . , t.
Proof. Since Cay(G,H) is regular with valency |H|, it follows by Lemmas 2.6 and 3.3 that
λ¯r1...rt = |H| − λr1...rt =
−
(k1,...,kt )∈H
[
1− cos

2k1r1π
n1
+ · · · + 2kt rtπ
nt
]
,
as required. 
We are ready to give the formula for the Kirchhoff index of the Cayley graphs over finite abelian groups.
Theorem 3.5. Let G = Zn1 ⊕ · · · ⊕ Znt and H be a nonempty subset of G \ {0}. Then the Kirchhoff index of Cay(G,H) is
t∏
i=1
ni
−
(r1,...,rt )≠0
0≤rj≤nj−1
1≤j≤t
 −
(k1,...,kt )∈H
[
1− cos

2k1r1π
n1
+ · · · + 2kt rtπ
nt
]−1
.
Proof. If (r1, . . . , rt) = 0, then λ¯r1...rt = 0 by Lemma 3.4. So the result is followed immediately by Lemmas 2.1 and 3.4. 
As a direct consequence of Theorem 3.5, we have the Kirchhoff index of a circulant graph which was obtained in [18].
Corollary 3.6. Let Cay(Zn,H) be a connected circulant graph. Then the Kirchhoff index of Cay(Zn,H) is
n
n−1
r=1
−
k∈H

1− cos 2krπ
n
−1
.
Proof. The result is followed immediately by Theorem 3.5. 
The hexagonal networks has been studied extensively (see, for example, [13,16]). The next example gives formula for
the Kirchhoff index of the hexagonal torus networks. An infinite hexagonal mesh network is a network based on triangular
plane tessellation. A finite hexagonal mesh can be defined by restricting the nodes to within a polygonal area (rectangle,
hexagon, etc.). A hexagonal torus network is derived from a finite hexagonal mesh by providing wraparound links to keep
the node degree uniformly equal to 6 (e.g., Fig. 1 (left)).
Example 3.7. Let G = Zn1 ⊕ Zn2 and H = {(±1, 0), (0,±1), (1, 1), (−1,−1)}. Then the hexagonal torus network is
isomorphic to Cay(G,H) [14], and by Theorem 3.5 has the Kirchhoff index
n1n2
2
−
(r1,r2)≠0
0≤r1≤n1−1
0≤r2≤n2−1
[
3− cos 2r1π
n1
− cos 2r2π
n2
− cos

2r1π
n1
+ 2r2π
n2
]−1
.
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Fig. 1. The hexagonal torus network (left) and TorusMT2,4 (right).
Now we turn to consider the Kirchhoff index of the multidimensional torus. The multidimensional torus MTt,n is the
Cartesian product of t cycles of length n (e.g., Fig. 1 (right)). Let G = Ztn and H = {(0, . . . , 0,±1, 0, . . . , 0) | 0 ≤ i ≤ t − 1}.
Then Cay(G,H) is isomorphic toMTt,n [8].
Example 3.8. Let n ≥ 3. Then, by Theorem 3.5,MTt,n has the Kirchhoff index
Kf (MTt,n) = nt
−
(r1,...,rt )≠0
0≤rj≤1
1≤j≤t

2t − 2
t−
j=1
cos
2rjπ
n
−1
= n
t
2
−
(r1,...,rt )≠0
0≤rj≤1
1≤j≤t

t −
t−
j=1
cos
2rjπ
n
−1
.
The hypercube Qt is the Cartesian product of t complete graphs K2, that is, Qt = MTt,2.
Example 3.9. Let G = Zt2 and H = {(1, 0, 0, . . . , 0), (0, 1, 0, . . . , 0), . . . , (0, 0, 0, . . . , 1)}. Then Qt = Cay(G,H) has the
Kirchhoff index
2t−1
t−1
k=0
 t
k

t − k .
Proof. By Theorem 3.5, we have
Kf (Qt) = 2t
−
(r1,...,rt )≠0
0≤rj≤1
1≤j≤t
 −
(k1,...,kt )∈H
[1− cos(k1r1 + · · · + kt rt)π ]
−1
= 2t
−
(r1,...,rt )≠0
0≤rj≤1
1≤j≤t

t −
t−
i=1
cos riπ
−1
.
Let k be the number of ri such that ri = 0. Then
Kf (Qt) = 2t
t−1
k=0
 t
k

2(t − k) = 2
t−1
t−1
k=0
 t
k

t − k ,
as required. 
4. Resistance distances in Cay(G,H)
In this section, we study the resistance distances of the Cayley graphs over finite abelian groups. We first search for
Laplacian eigenvectors of Cay(G,H).
Lemma 4.1. Let G = Zn1 ⊕ · · · ⊕ Znt ,H a nonempty subset of G \ {0} and L the Laplacian matrix of Cay(G,H). Then
Ur1···rt = Ur1 ⊗ · · · ⊗ Urt , rj = 0, 1, . . . , nj − 1, j = 1, 2, . . . , t,
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are normalized, real-valued and mutually orthogonal Laplacian eigenvectors of Cay(G,H) such that LUr1···rt = λ¯r1···rtUr1···rt ,
where
Urj =
1√
nj
[
1, cos
2rjπ
nj
+ sin 2rjπ
nj
, . . . , cos
2(nj − 1)rjπ
nj
+ sin 2(nj − 1)rjπ
nj
]T
.
Proof. Let |G| = n and A the adjacent matrix of Cay(G,H). Then L = |H|In − A and by Lemma 2.5
A =
−
(k1,...,kt )∈H
W k1n1 ⊗ · · · ⊗W ktnt .
By Lemma 2.8, Urj are eigenvectors ofW
kj
nj such thatW
kj
nj Urj = ωkjrjnj Urj . Thus by Lemma 2.3
AUr1···rt =
−
(k1,...,kt )∈H
(W k1n1 ⊗ · · · ⊗W ktnt )(Ur1 ⊗ · · · ⊗ Urt )
=
−
(k1,...,kt )∈H
(W k1n1 Ur1)⊗ · · · ⊗ (W ktnt Urt )
=
−
(k1,...,kt )∈H
(ωk1r1n1 Ur1)⊗ · · · ⊗ (ωkt rtnt Urt )
=
−
(k1,...,kt )∈H
(ωk1r1n1 · · ·ωkt rtnt )(Ur1 ⊗ · · · ⊗ Urt )
=
 −
(k1,...,kt )∈H
ωk1r1n1 · · ·ωkt rtnt

Ur1···rt
= λr1···rtUr1···rt ,
and so
LUr1···rt = |H|Ur1···rt − AUr1···rt = (|H| − λr1···rt )Ur1···rt = λ¯r1···rtUr1···rt .
This implies that Ur1···rt with 0 ≤ rj ≤ nj − 1 and 1 ≤ j ≤ t are eigenvectors of L. Obviously, Ur1···rt is real-valued. Let Ur1···rt
and Ur ′1···r ′t be two eigenvectors of L. Then by Lemmas 2.3 and 2.7
Ur1···rt · Ur ′1···r ′t = (Ur1 ⊗ · · · ⊗ Urt )T (Ur ′1 ⊗ · · · ⊗ Ur ′t )
= (UTr1 ⊗ · · · ⊗ UTrt )(Ur ′1 ⊗ · · · ⊗ Ur ′t )
= (UTr1Ur ′1)⊗ · · · ⊗ (UTrtUr ′t )
= 0⊗ · · · ⊗ 0 = 0
and so Ur1···rt with 0 ≤ rj ≤ nj − 1 and 1 ≤ j ≤ t are mutually orthogonal. Similar to the above computation, it follows by
Lemma 2.7 that
|Ur1···rt |2 = Ur1···rj · Ur1···rt = (UTr1Ur1)⊗ · · · ⊗ (UTrtUrt ) = 1⊗ · · · ⊗ 1 = 1,
and so Ur1···rt is normalized. Therefore the result holds. 
As a direct consequence of Lemma 4.1, we have the following result which was obtained in [18].
Corollary 4.2. Let Cay(Zn,H) be a connected circulant graph and L the Laplacian matrix of Cay(Zn,H). Then
Ur = 1√n
[
1, cos
2rπ
n
+ sin 2rπ
n
, . . . , cos
2(n− 1)rπ
n
+ sin 2(n− 1)rπ
n
]T
are Laplacian eigenvectors of Cay(Zn,H) such that LUr = λ¯rUr .
We are ready for the resistance distances of Cay(G,H). For the n1n2 · · · nt dimension vector Ur1···rj , denote by (Ur1···rj)i the
(i+ 1)th entry of Ur1···rj , where 0 ≤ i ≤ n1n2 · · · nt − 1.
Theorem 4.3. Let G = Zn1 ⊕ · · · ⊕ Znt and H a nonempty subset of G \ {0}. Then the resistance distances of Cay(G,H) are
rij =
−
(r1,...,rt )≠0
0≤rj≤nj−1
1≤j≤t
 −
(k1,...,kt )∈H
[
1− cos

2k1r1π
n1
+ · · · + 2kt rtπ
nt
]−1 
(Ur1···rj)i − (Ur1···rj)j
2
.
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Proof. The result is followed directly by Lemmas 2.2, 3.4 and 4.1. 
From Corollary 4.2 and Theorem 4.3, we have the following result which was obtained in [18].
Corollary 4.4. Let Cay(Zn,H) be a connected circulant graph. Then the resistance distances of Cay(Zn,H) are
rij = 4n
n−1
r=1
−
k∈H

1− cos 2krπ
n
−1
sin2
(i− j)rπ
n
[
1− sin 2(i+ j)rπ
n
]
,
where 0 ≤ i, j ≤ n− 1.
It is known that the completemultipartite graph Kt(s)with t parts each of cardinality s is a Cayley graph. It can be achieved
by using the circulant graph of order ts with the connection set consisting of all the elements that are not congruent to 0
(modulo t). The following example gives formulae for the Kirchhoff index and resistance distances of Kt(s).
Example 4.5. Let G = Zts and H = Zts \ {0, t, . . . , (s− 1)t}. Then Kt(s) = Cay(G,H) has the Kirchhoff index
Kf (Kt(s)) = ts
ts−1−
r=1

s(t − 1)+
s−1
l=0
cos
2lrπ
s
−1
and resistance distances
rij = 4ts
ts−1−
r=1

s(t − 1)+
s−1
l=0
cos
2lrπ
s
−1
sin2
(i− j)rπ
ts
[
1− sin 2(i+ j)rπ
ts
]
.
Proof. By Lemma 2.9 and Corollary 3.6, it follows that
Kf (Kt(s)) = ts
ts−1−
r=1
−
k∈H

1− cos 2krπ
ts
−1
= ts
ts−1−
r=1

s(t − 1)−
−
k∈H
cos
2krπ
ts
−1
= ts
ts−1−
r=1

s(t − 1)−
−
k∈Zts
cos
2krπ
ts
−
−
k∈Zts\H
cos
2krπ
ts
−1
= ts
ts−1−
r=1

s(t − 1)+
−
k∈Zts\H
cos
2krπ
ts
−1
= ts
ts−1−
r=1

s(t − 1)+
s−1
l=0
cos
2lrπ
s
−1
.
By Corollary 4.4 and repeating the above computation, we have
rij = 4ts
ts−1−
r=1
−
k∈H

1− cos 2krπ
ts
−1
sin2
(i− j)rπ
ts
[
1− sin 2(i+ j)rπ
ts
]
= 4
ts
ts−1−
r=1

s(t − 1)+
s−1
l=0
cos
2lrπ
s
−1
sin2
(i− j)rπ
ts
[
1− sin 2(i+ j)rπ
ts
]
,
as required. 
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